S1S

kuko

14.4.2021

Pokrotila tedria zloZitosti
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S1S

Th(N,s, €)
s:n—n+1
¢iselné premenné x,y,z, ...

mnoZzinové premenné X,Y . Z ...

mdzeme kvantifikovat cez mnoziny (VX)(3Y)

2/71



e ACB
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Z4klady

e ACB
e A=B
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Z4klady

e ACB
e A=B
@ d0:—3Jz:sz=0

5/71



Z4klady

e ACB

e A=B

e J0:—-dz:sz=0
e 3=5(s(s(0)))
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Z4klady

ACB

A=B
40:—-dz:sz=0
3=5(s(s(0)))

x=y7?

x<y?

7/71



Z4klady

x=y<=-(3S:xeSANy¢S) <—=VS:xeS<yeS
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Z4klady

@ nech Voy={y|y>x}
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Z4klady

@ nech Voy={y|y>x}
@ potom y > x <=y € V,
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Z4klady

@ nech Voy={y|y>x}
@ potom y > x <=y € V,
((s(x)e Vi
N—_——
obsahuje x+1

AVn:n€ Vi —s(n) € Vi)

a je uzavretd na nasledovnika

/\(VV’:(S(X)E\///\VHZHG Viss(neV)— V.V )

—

je jej nadmnoZinou

a kaZzdad mnoZina, ktora toto spiﬁa
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Z4klady

@ nech Voy={y|y>x}
@ potom y > x <=y € V,
((s(x)e Vi
N—_——
obsahuje x+1

AVn:n€ Vi —s(n) € Vi)

a je uzavretd na nasledovnika

/\(VV’:(S(X)E\///\VHZHG Viss(neV)— V.V )

a kazdd mnoZina, ktora toto spiﬁa je jej nadmnoZinou

VX:(s(x)EX/\(Vn:neX—>s(n)eX))—>y€X
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Z4klady

@ X je kone¢nd mnoZzina:
Jh:Vx:xeX—=>x<h
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Z4klady

@ X je kone¢nd mnoZzina:
Jh:Vx:xeX—=>x<h

@ kddovanie &isel?
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Z4klady

@ X je kone¢nd mnoZzina:
Jh:Vx:xeX—=>x<h

@ kddovanie &isel?

@ mnozina X <— nekone¢né slovo X = xgxix2---, kde
xi=1l<—ieX
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S1S je tazsia ako Presburgerova aritmetika
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Sé&itanie

@ X ~ n— mnozina X reprezentuje binarny zdpis &isla n
o X ~0" (Vz)(z ¢ X)
o X~1" (Vz)(zeX < z=0)
e X ~110102": (Vz)(ze X+ (z=1Vz=3Vz=4))
e , X =A+ B": existuje mnoZina C — prenos do vysSieho radu
e 0101101 - A
e 0110110 - B
e 111100 - C
e 1100011 - X
° (HC)(VI')(X,' =AidBidCGNCG=0ACi1 - Ai+Bi+C > 1)

o X >Y" (3A)X=Y+A)
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Dosledok

pomocou mnoZin vieme v S1S reprezentovat N, 0, 1, +
_—

vieme simulovat Pressburgerovu aritmetiku
—

problém rozhodnutelnosti je aspofi 2NEXP-tazky

18/71



S1S je este ovela zlozitejsia

stitaz: zadefinujte v S1S &o najvacsie &islo
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+Z
~ A

+Z
~

+Z
~ A

0 A

27

37

@ budeme potrebovat i = j (mod n) pre velké n
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@ ,n-bitové pocitadlo” Pp:
0,1,2,3,...,2"—-1, 0,1,2,3,...,2"—-1, 0,1,2,3,...

21/71



mod n — praca s n-bitovymi blokmi — n-bitové poditadlo —
mod N

(pre N> n)
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Py

i

- 11101510 | 00011010 | ---

vzdialenost 2% blokov X 8 bitov na blok = 2048 (alebo nejaky nisobok)

potet blokov medzi i a j je nasobok 28 = 256
oba ukazujd 5-ty bit (mod 8)
= i = j (mod 828 =2048)

J

: 11101010 | ---

23/71



° i=j(modl) je TRUE

Q>
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e /=j(mod1) je TRUE
e P; =0101010101 ---
° 0¢P1/\VI'ZI'EP1<—>S(I')¢P1
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e /=j(mod1) je TRUE
e P; =0101010101 ---

o 0¢ PLAYI i€ Py s s(i) ¢ Py
@ i=j(mod2) <= i€ePi+jeP
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i =j(mod1l) je TRUE
P; =0101010101 ---
0 0¢ PiAVi:i€ P+ s(i)¢ Py
iEj(m0d2)<:>i€P1<—>j€P1
P, =00 10 01 11 00 10 ---
0o 0¢PIN1EPAVI:i=0(mod2) = [(i+2€ P+ i¢
POAN(i+3€P+—iceP®i+1le P,
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i =j(mod1l) je TRUE
Py =0101010101 ---
e 0¢ PLAYi:ie P+ s(i)¢ Py
iEj(m0d2)<:>i€P1<—>j€P1
P,=00 10 01 11 00 10 ---
0o 0¢PIN1EPAVI:i=0(mod2) = [(i+2€ P+ i¢
POAN(i+3€P+—iceP®i+1le P,
e /= (mod8) ak i = (mod2) a nech iy, jo je zatiatok bloku a
(b€Prsrjo€P)N(o+1€Prsrjo+1€Pa).
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@ majme
o i =, (mod n)
o P,
@ ukaZme, ako definovat
o i=j(mod N)
o Py
e pre N=n-2"
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e zb(/i) — zatiatok bloku i

z=7b(i)<=z<iAz=0(mod n)AVj:z<j<i:j#0(mod n).
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e zb(/i) — zatiatok bloku i

z=17b(i)<=z<iNz=0(mod n)AVj:z<j<i:j#0(mod n).

@ /,j ukazuji na ten isty blok <= zb(i) = zb(j)
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e zb(/i) — zatiatok bloku i

z=7b(i)<=z<iAz=0(mod n)AVj:z<j<i:j#0(mod n).

@ /,j ukazuju na ten isty blok <= zb(i) = zb())
@ ,pre vietky indexy z jedného bloku plati ... "
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e zb(/i) — zatiatok bloku i

z=17b(i)<=z<iNz=0(mod n)AVj:z<j<i:j#0(mod n).

@ /,j ukazuju na ten isty blok <= zb(i) = zb())
@ ,pre vietky indexy z jedného bloku plati ... "

e ,A[x] = Bly]" (,blok, kam ukazuje x v A, je rovnaky ako
blok, kam ukazuje y v B*):

Vi,j:i=j(mod n)Azb(i) =zb(x)Azb(j)=zb(y) = (i€ A+>j € B)
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e zb(/i) — zatiatok bloku i

z=17b(i)<=z<iNz=0(mod n)AVj:z<j<i:j#0(mod n).

@ /,j ukazuju na ten isty blok <= zb(i) = zb())
@ ,pre vietky indexy z jedného bloku plati ... "

e ,A[x] = Bly]" (,blok, kam ukazuje x v A, je rovnaky ako
blok, kam ukazuje y v B*):

Vi,j:i=j(mod n)Azb(i) =zb(x)Azb(j)=zb(y) = (i€ A+>j € B)

e x =y (mod N):

x =y (mod n) A Pp[x] = Pnly].
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Cislo N

y=x+N

»A je N-bitové &islo”

Viii>N—=i¢A alebo

Vi:ie A=zb(i)=0
s¢itanie N-bitovych &sel modulo 2NV:

X=A+Bmod 2N «<=3X' = A4+ BAVi:i<N:icXieX

prvych N bitov sa zhoduje
A

Viii>N:i¢gX

zvysné bity st nulové — X je N-bitové

Pn: (Vi:i<N—i¢ Py)AVYi:Pyli+ N]= Ppy[i]+1 mod 2N

«40>» «F»r « >

«E

Do
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@ Cislo N

Q>
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o lislo N
o y=x+N

@ , A je N-bitové &islo*:

Viii>N—i¢A alebo Vi:ie A—zb(i)=0.
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@ Cislo N
o y=x+N

@ , A je N-bitové &islo*:

Viii>N—i¢A alebo Vi:ie A—zb(i)=0.

e s¢itanie N-bitovych &sel modulo 2V

X=A+Bmod2N «<=3X'=A+BAYi:i<N:iecX<iecX
prvych Nbit‘c:v sa zhoduje
A Viii>N:i¢gX

zvy¥né bity st nulové — X je N-bitové

38/71



&islo N
y=x+N

»A je N-bitové &islo*:

Viii>N—i¢A alebo Vi:ie A—zb(i)=0.

s¢itanie N-bitovych &isel modulo 2V:

X=A+Bmod2N «<=3X'=A+BAYi:i<N:iecX<iecX
prvych Nbit‘c:v sa zhoduje
A Viii>N:i¢gX

zvy¥né bity st nulové — X je N-bitové

Pn: (Vi:i< N—i¢ Py)AYi:Py[i+N]= Ppy[i]+1 mod 2N.
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Nasobenie

+Z +Z +Z

0 A 2Z 37

+1 +1 +1

Ndsobenie X = K x Z mod 2M:
3T T[] =0AVi: T[i4+M]= T[i]+Z mod 2M A T[K] = X,
kde T[K] = X je skratka pre
3j: Pm[j] = K AJ je najmensie také A T[j] = X.
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Dosledok

2
o takto vieme po k iteraciach definovat > 22 -bitové &fsla
~—
k

@ nasobenie velkych &isel
2

@ — v S1S vieme sformulovat, ¥e , TS zastavi na 22" krokov"
~~
@ = rozhodnutelnost S1S ¢ ELEMENTARY, kde

o ELEMENTARY = EXPU2EXP U3EXPU- -
o ELEMENTARY = .
DTIME(2")UDTIME(22")UDTIME(2%" U ---
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Konkrétna zloZitost

@ Stockmeyer, Meyer '02: Cosmological lower bound on the
circuit complexity of a small problem in logic
e na rozhodnutelnost < 610-znakovych formil EWS1S treba
obvod s > 10'?® hradlami
o na rozhodnutelnost < 614-znakovych formil s tispe$nostou
> 2/3 treba obvod s > 10'?% hradlami
o odhadovany #atémov v pozorovatelnom vesmire: 1078-10%2
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Rychlo rasttice funkcie

°2xn=2+(2+(---+2))

02"=21n=2x(2x(---%x2))

n

o 211 n=21(27(-12))

° 21t n=211 (211 (- 112))

n
@ ---

o 2k =271 (211 (171 2))

n
@ Ackermann ~ 21" n
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Dyadické S1S
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Tedria dyadickej S1S je nerozhodnutelna. I
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PKP:

typ 1: |—>

baa

b
typ 2. |

aa

bb

bb |’

Ha o
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bba

ab

bb

bba
aa

domind typu 3, 2, 3, 1

bb

baa
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bb ajab/bbala

bbjaa/bblbaa




! 1 1 Ll

pozicie 0O 1 2 3 4 5 6 7 8 9

s= bbaabbbaa
T T T T T

Do
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1 1 1 Ll
pozicie 0O 1 2 3 4 5 6 7 8 9

s= bbaabbbaa
T T T T T

o S=1{0,1,4,5,6}
@ S: spolony text hore aj dolu (presnejsie pozicie bétok)

e H;,Dj, T;: pozicia, kde zatina i-te domino hore/dolu; typ
i-teho domina
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dmnozina S : Ifunkcie H,D, T : Hy=0ADy =0
AV ((Ti =1 = [Wa(Hi) A Woaa(Di) A Hiy1 = Hi+ 1A Diy1 = D +3])
(Ti=2—= [Van(Hi) A Waa(Di) ANHix1 = Hi+2ADjy1 = Di +2])
(Ti =3 = [Wova(Hi) A Won(Di) ANHi1 = Hi+3A D11 = Di + 2]
AJi:i£0AH; = D;
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