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J tazkd funkcia = 3 velmi tazkd funkcia = 3 pekelne tazka funkcia

= 3 dobry PNG = vieme odhadn(it Pr[BPP-alg akceptuje]
— P = BPP.
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Velmi tazké funkcie z tazkych v najhorSsom pripade
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@ mame f
o chceme f takd, e
o ak f je fazkd v najhorom pripade
o tak f je velmi fazka
@ inymi slovami:
o keby sa f dala vypotitat na 99% vstupov
o tak by sa f dala spotitat viade

.....
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REDONDAR
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ceEme...

S ENCODER t CHANNEL r DECODER s
[=10%

REDUNDAN REDONDAN
GLASS. GLASS,
=

Figure 1.11. Transmitting 10000
source bits over a binary
symmetric channel with f = 10%
using a repetition code and the
majority vote decoding algorithm.
The probability of decoded bit
error has fallen to about 3%; the
rate has fallen to 1/3.
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ceEme...

s ENCODER t CHANNEL r DECODER H
f=10%

REDUNDAN REDUNDAN
GLASS.

parity bits

Figure 1.17. Transmitting 10000
source bits over a binary
symmetric channel with f = 10%
using a (7,4) Hamming code. The
probability of decoded bit error is
about 7%
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VyuZitie samoopravnych kédov

refazec x € {0,1}*

sprava x

l

| zakédované FE(x) |

|| || | zasumené F(x) | | |
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VyuZitie samoopravnych kédov

f:{0,1}™ — {0,1} dand
ako retazec {0,1}%"

alg. pocitajici g
~ f s chybami

|

alg. pocitajici f
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Vyuzitie samoopravnych kédov

alg. pocitajuci g
=~ f s chybami

~_1

lokalny
dekodér

f(x)
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Velmi tazké funkcie z taZkych v najhoréom pripade

Ak 3f € E, Hyws(f)(n) > S(n) = Jg € E a ¢ > 0 také, Ze

Have (8)(n) = S(n/c)/n° (Vn).
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Velmi tazké funkcie z taZkych v najhoréom pripade

B Dokaz.
o uvazujme retazec F € {0,1}" (N = 2") vietkych hodndt f(x)
pre x € {0,1}"
o zakédujme ho SOK E : {0,1}N — {0,1}"".
° rAet'azec F = E(F) zase interpretujeme ako funkciu
f:{0,1}¢" — {0,1}
@ pouZijeme efektivny SOK s lokdlnym dekodérom; potrebujeme

lokalne dekédovanie

vediet opravit 1/100 chyb

kédovanie v &ase polyN

o dekddovanie v ¢ase polyn = polylog!

o keby J obvod g velkosti s(n) po&itajuci f na 99% vstupov
o tak g+dekodér potita f presne v €ase polyn-s(n)
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Samoopravné kédy

Hao
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Samoopravné kédy

o zlomkovd Hammingova vzdialenost: A(x,y) = X |{i | x; # y;}|

@ E:¥"— Y™ je samoopravny kéd (SOK) so vzdialenostou
d €[0,1] nad abecedou ¥,

o Vx#y: A(E(x),E(y)) > d
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Walsh-Hadamardov kod
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Walsh-Hadamard

Definicia (Walsh-Hadamardov kéd)

Walsh-Hadamardov kéd WH : {0,1}" — {0,1}?" je SOK
definovany WH(x); = (x, /).

@ vzdialenost: 1/2
o lokdlny dekodér opravujici < 1/4 chyb v &ase O(n)

@ vzdialenost je SUPER, ale vstup sa aZ prili§ nafiikne
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Walsh-Hadamard

101 — 01011010

pozicia hodnota

000 0
001 1
010 0
011 1
100 1
101 0
110 1
111 0
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Walsh-Hadamard

min A(WH(x),WH(y)) = min A(WH(x—y),WH(0)) = mzin A(WH(z),0)

X7y X7y
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Walsh-Hadamard

min A(WH(x),WH(y)) = min A(WH(x—y),WH(0)) = mzin A(WH(z),0)

X7y X7y

Fy)efly®e)=((xy)o((x (y+e) = (x.¢&) =x
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Walsh-Hadamard

r)r;iyn A(WH(x),WH(y)) = n)liyn A(WH(x—y),WH(0)) = mzin A(WH(z),0)

Fy)efly®e)=((xy)o((x (y+e) = (x.¢&) =x

o Pry[f(y)# (x.y)]<p
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Walsh-Hadamard

min A(WH(x),WH(y)) = min A(WH(x—y),WH(0)) = mzin A(WH(z),0)

X7y X7y

Fy)efly®e)=((xy)o((x (y+e) = (x.¢&) =x

o Pry[f(y)# (x.y)]<p
o f(y) je zle s pp. p,
o f(y+el)jezlespp. p,
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Walsh-Hadamard

min A(WH(x),WH(y)) = min A(WH(x—y),WH(0)) = mzin A(WH(z),0)

X7y X7y

Fy)efly®e)=((xy)o((x (y+e) = (x.¢&) =x

o Pry[f(y) # (x,y)]<p

o f(y) je zle s pp. p,

o f(y+el)jezlespp. p,

@ obe sii spravne s pp. 1 —2p >1/2
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Reed-Solomonov kéd

) Q G
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Reed-Solomon
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Reed-Solomon

Definicia (Reed-Solomonov kéd)

Nech F =T, je pole, d < n<q a nech ap,...,ap—1 €F.
Spravu ¢y ...cq_1 interpretujme ako koeficienty polynémomu

p(x) = Z Gix'.

Reed-Solomonov kéd RS : F¢ — F" je zobrazenie

Cc...Cq—1 p(ag) 500 p(a,,_l).

@ vzdialenost: 1 —d/n
o p(x) je polynédm stupiia d —1, &ize md < d korefiov
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Reed-Solomon

Dany je zoznam dvojic (a1, b1),...,(an, bn) z F?, pricom existuje
polyném p :F — F stupria d, pre ktory p(aj) = b; pre

t > n/2+d/2 dvojic. Existuje algoritmus, ktory dokdZe p
zrekonstruovat v polynomidlnom &ase.
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Reed-Solomon

B Dokaz.
@ p(aj)=bj pre k=n—t=|n/2—d/2] bodov nie je splnena
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Reed-Solomon

B Dokaz.
@ p(aj)=bj pre k=n—t=|n/2—d/2] bodov nie je splnena
@ majme polyném e: p(a;) # bi = e(a;) =0
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Reed-Solomon

B Dokaz.
@ p(aj)=bj pre k=n—t=|n/2—d/2] bodov nie je splnena
@ majme polyném e: p(a;) # bi = e(a;) =0
e(ai)p(ai) = e(aj)bi (vi)!
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Reed-Solomon

W Doékaz.
e p(aj)=bj pre k=n—t=[n/2—d/2| bodov nie je splnena
@ majme polyném e: p(a;) # bi = e(a;) =0
e(ai)p(ai) = e(aj)bi (vi)!

@ hladdme poly p stupiia d + nenulovy poly e stupfia < k
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Reed-Solomon

W Doékaz.
e p(aj)=bj pre k=n—t=[n/2—d/2| bodov nie je splnena
@ majme polyném e: p(a;) # bi = e(a;) =0
e(ai)p(ai) = e(aj)bi (vi)!

@ hladdme poly p stupiia d + nenulovy poly e stupfia < k
@ sicin e-p = q je poly stupiia k+d = [n/2+d/2]
q(ai) = e(aj)b;.
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Reed-Solomon

W Doékaz.
e p(aj)=bj pre k=n—t=[n/2—d/2| bodov nie je splnena
@ majme polyném e: p(a;) # bi = e(a;) =0
e(ai)p(ai) = e(aj)bi (vi)!

@ hladdme poly p stupiia d + nenulovy poly e stupfia < k
@ sicin e-p = q je poly stupiia k+d = [n/2+d/2]
q(ai) = e(aj)b;.

@ potom p=gq/e
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Reed-Solomon

@ nech ex =1, nezname koef. ey,...,exk—1 a qo,- .-, Qk+d
2 k+d k—1 k
Qo+ qraj+2a; +- 4+ qrrqa; ¢ = eobi+eraibj+---+e_1af ' bi+af b,

@ n linedrnych rovnic o < n nezndmych
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Reed-Solomon

e d <n<gq, vzdialenost 1 —d/n

o velkd abeceda, velky stupefi poly, nema lokalny dekodér

52/83



Reed-Mullerov kéd

DA
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Reed-Muller
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Reed-Muller

@ Reed-Mullerov kéd s parametrami F. ¢, d, d < |F|, je
zoveobecnenim RS kédu

@ namiesto polynému A(x) jednej premennej uvaZuje polynémy
£ premennych

Definicia (Reed-Mullerov kéd)

m+d m 0 o 0 o
RM : F("¢%) = o , ktord spravu c interpretuje ako koeficienty
polynému celkového stuprfia d s m premennymi nad IF

p(X1,. .y Xm) = Z Ciyooim X[ X+ X
it im<d
a na vystup ddme postupnost {p(xi,...,xm)} pre vietky
X1y-.yXm €.
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Reed-Muller

@ pre m=1 dostdvame RS kéd

@ pred=1alF={0,1} dostdvame variant WH kédu, ktory
zobrazi x +— z, kde z, , = (x,y) @ a

e vzdialenost: 1 —d/|F| (Schwartz-Zippelova lema)
@ lokdlny dekodér opravujici (1—d/q)/6 chyb v &ase
poly(g,m,d) s pp. >2/3
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Reed-Muller
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Reed-Muller

@ predp. f je blizko poly p stupiia d (Pr«[f(x) # p(x)] < p)
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Reed-Muller

@ predp. f je blizko poly p stupiia d (Pr«[f(x) # p(x)] < p)
° €a7b(t) =a-+tb
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Reed-Muller

@ predp. f je blizko poly p stupiia d (Pr«[f(x) # p(x)] < p)
o lyp(t)=a+tb
@ nech f|;: F — F zdZenie na f na ¢:

Fle(t) = £(£(t))
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Reed-Muller

@ predp. f je blizko poly p stupiia d (Pr«[f(x) # p(x)] < p)
o lyp(t)=a+tb
@ nech f|;: F — F zdZenie na f na ¢:

Fle(t) = £(£(t))

e f|y — poly 1 premennej stupiia < d (RS)
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Reed-Muller

@ nech L =/, , je ndhodnd priamka idiica cez x
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Reed-Muller

@ nech L =/, , je ndhodnd priamka idiica cez x

@ pozrieme vietky body f|; a dekédujeme RS r: F — F
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Reed-Muller

@ nech L =/, , je ndhodnd priamka idiica cez x
@ pozrieme vietky body f|; a dekédujeme RS r: F — F
e odpovieme r(0).
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Reed-Muller

@ nech L =/, , je ndhodnd priamka idiica cez x
@ pozrieme vietky body f|; a dekédujeme RS r: F — F
e odpovieme r(0).

@ body /, , pre ndhodné z si distribuované rovnomerne po F™
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Reed-Muller

nech L =/, , je ndhodna priamka idica cez x

pozrieme v3etky body f|; a dekédujeme RS r:F — F

odpovieme r(0).

body ¢, , pre ndhodné z s distribuované rovnomerne po F™

olak. #chybna L, je<p-q
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Reed-Muller

nech L =/, , je ndhodna priamka idica cez x

pozrieme v3etky body f|; a dekédujeme RS r:F — F

odpovieme r(0).

body ¢, , pre ndhodné z s distribuované rovnomerne po F™
olak. #chybna L, je<p-q
Pr[#chyb na L >3 x pq] <1/3 (Markov)
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Reed-Muller

nech L =/, , je ndhodna priamka idica cez x

pozrieme v3etky body f|; a dekédujeme RS r:F — F
odpovieme r(0).

body ¢, , pre ndhodné z s distribuované rovnomerne po F™
olak. #chybna L, je<p-q

Pr[#chyb na L >3 x pq] <1/3 (Markov)

3xpg<(1—d/q)q/2=q/2—d/2 = RS vie r spravne
dekédovat: r=pl; a r(0) = p(x)

68 /83



Samoopravné kédy

WH RS RM
dizka spravy n d (dfnm) >(d/m)™>N
dizka kédu 2n n g™ = N5
velkost abecedy 2 qg>n q = polylog(N)

vzdialenost 1/2 1—d/n l-d/g~1—¢
lok. opravuje  1/4 — 1/6—d/6g~1/6—¢
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@ problém: abeceda je F — nie binarna
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@ problém: abeceda je F — nie binarna
@ v praxi: vezmime [F = Fysg6, t.j. 1 byte

e pre n=230, m= 256 dostdvame RS kdéd opravujiici 13 chyb
(5% bytov / 0.6% bitov)
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@ problém: abeceda je F — nie binarna
@ v praxi: vezmime [F = Fysg6, t.j. 1 byte
e pre n=230, m= 256 dostdvame RS kdéd opravujiici 13 chyb
(5% bytov / 0.6% bitov)
@ vieobecne: 1 prvok F — log|[F| bitov
o RS:{0,1}"eelFl 5 10, 1}mloglF|
o problém: mald vzdialenost: < 1/log|F|
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Zlozené kody

o pouzime WH kéd s n=logF, t.j. WH: {0,1}l°eF — {0 1}F:

F'E™ ~ {O,l}mIOg]F XVJi) {0’1}mIF
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Zlozené kody

E: {0,117 & ¥m
Ep: s 50,1}
Eof: {0,117 % ¥m B, 10,1)mk

EyoEy:x— Ex(y1)--- Ea(ym), kde y = E1(x)

e vzdialenost: > &1 - &
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Zlozené kody

RM: {0,1}k & Fa” ~ {0,1}894"
WH : {0,189 W8, 10 1}a

m+1

WHoRM: {0,1}k B 1o 1}lesaa™ WH, 14 114
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Zlozené kody

PouzZijeme RM-kéd s parametrami
o g=log’N
e m=logN/loglogN
o d=log’N
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Samoopravné kédy

@ potrebujeme:
o E:{0,1}" — {0,1}V° v &ase poly(N)
o lokdlne dekdédovanie v Ease polylog(/N) = poly(n)
e opravovat 1/100 chyb
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Samoopravné kédy

@ WH m4 vzdialenost 1/2, lokélne vieme opravit 1/4 chyb
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Samoopravné kédy

@ WH m4 vzdialenost 1/2, lokélne vieme opravit 1/4 chyb
e RM ma vdialenost 1—log?N/log® N =1—1/n3, lokélne
vieme dekédovat ~ 1/6 chyb
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Samoopravné kédy

@ WH m4 vzdialenost 1/2, lokélne vieme opravit 1/4 chyb

e RM ma vdialenost 1—log?N/log® N =1—1/n3, lokélne
vieme dekédovat ~ 1/6 chyb

@ WHoRM vie lokdlne opravovat ~ (1/4)-(1/6) =1/24 > 4%
chyb
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Samoopravné kédy

@ WH m4 vzdialenost 1/2, lokélne vieme opravit 1/4 chyb

e RM ma vdialenost 1—log?N/log® N =1—1/n3, lokélne
vieme dekédovat ~ 1/6 chyb

@ WHoRM vie lokdlne opravovat ~ (1/4)-(1/6) =1/24 > 4%
chyb

@ kddovanie v poly(N)
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Samoopravné kédy

WH m3 vzdialenost 1/2, lokdlne vieme opravit 1/4 chyb
RM m4 vdialenost 1—log? N/log? N =1—1/n3, loklne
vieme dekédovat ~ 1/6 chyb

@ WHoRM vie lokdlne opravovat ~ (1/4)-(1/6) =1/24 > 4%
chyb

kédovanie v poly(N)

e dekddovanie WH je v O(n) = O(logq) = O(loglog N)
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Samoopravné kédy

WH m3 vzdialenost 1/2, lokdlne vieme opravit 1/4 chyb
RM m4 vdialenost 1—log? N/log? N =1—1/n3, loklne
vieme dekédovat ~ 1/6 chyb

@ WHoRM vie lokdlne opravovat ~ (1/4)-(1/6) =1/24 > 4%
chyb

kédovanie v poly(N)

dekddovanie WH je v O(n) = O(logq) = O(loglog N)

e dekdédovanie RM je v poly(q, m,d) = polylog(N).
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