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Plán

∃ t’ažká funkcia =⇒∃ vel’mi t’ažká funkcia =⇒∃ pekelne t’ažká funkcia

=⇒∃ dobrý PNG =⇒ vieme odhadnút’ Pr[BPP-alg akceptuje]

=⇒ P = BPP.
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Vel’mi t’ažké funkcie z t’ažkých v najhořsom pŕıpade
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Chceme...

máme f

chceme f̂ takú, že

ak f je t’ažká v najhořsom pŕıpade
tak f̂ je vel’mi t’ažká

inými slovami:

keby sa f̂ dala vypoč́ıtat’ na 99% vstupov
tak by sa f dala spoč́ıtat’ všade
(nie o moc väčš́ım obvodom)
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Chceme...
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Využitie samoopravných kódov

ret’azec x ∈ {0, 1}k

správa x

zakódované E(x)

zašumené E(x)

x
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Využitie samoopravných kódov

f : {0, 1}n → {0, 1} daná
ako ret’azec {0, 1}2n

f

f̂ = E(f)

alg. poč́ıtajúci g

≈ f̂ s chybami

alg. poč́ıtajúci f
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Využitie samoopravných kódov

alg. poč́ıtajúci g

≈ f̂ s chybami

lokálny
dekodér

f(x)
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Vel’mi t’ažké funkcie z t’ažkých v najhořsom pŕıpade

Veta

Ak ∃f ∈ E, Hwrs(f )(n)≥ S(n) =⇒ ∃g ∈ E a c > 0 také, že

H0.99
avg (g)(n)≥ S(n/c)/nc (∀∞n).

11 / 83



Vel’mi t’ažké funkcie z t’ažkých v najhořsom pŕıpade

� Dôkaz.

uvažujme ret’azec F ∈ {0,1}N (N = 2n) všetkých hodnôt f (x)
pre x ∈ {0,1}n
zakódujme ho SOK E : {0,1}N →{0,1}Nc

.

ret’azec F̂ = E (F ) zase interpretujeme ako funkciu
f̂ : {0,1}c·n→{0,1}
použijeme efekt́ıvny SOK s lokálnym dekodérom; potrebujeme

lokálne dekódovanie
vediet’ opravit’ 1/100 chýb
kódovanie v čase polyN
dekódovanie v čase polyn = polylogN

keby ∃ obvod g vel’kosti s(n) poč́ıtajúci f̂ na 99% vstupov

tak g+dekodér poč́ıta f presne v čase polyn · s(n)

�
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Samoopravné kódy
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0000 1000

0100 1100

0010 1010

0110 1110

0001 1001

0101 1101

0011 1011

0111 1111
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Samoopravné kódy

Defińıcia

zlomková Hammingova vzdialenost’: ∆(x ,y) = 1
m |{i | xi 6= yi}|

E : Σn→ Σm je samoopravný kód (SOK) so vzdialenost’ou
d ∈ [0,1] nad abecedou Σ,

∀x 6= y : ∆(E (x),E (y))≥ d
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Walsh-Hadamardov kód
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Walsh-Hadamard

Defińıcia (Walsh-Hadamardov kód)

Walsh-Hadamardov kód WH : {0,1}n→{0,1}2n je SOK
definovaný WH(x)i = 〈x , i〉.

vzdialenost’: 1/2

lokálny dekodér opravujúci < 1/4 chýb v čase O(n)

vzdialenost’ je SUPER, ale vstup sa až pŕılǐs nafúkne
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Walsh-Hadamard

101 7→ 01011010

poźıcia hodnota

000 0

001 1

010 0

011 1

100 1

101 0

110 1

111 0
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Walsh-Hadamard

min
x ,y

∆(WH(x),WH(y)) = min
x ,y

∆(WH(x−y),WH(0)) = min
z

∆(WH(z),0)

f (y)⊕ f (y ⊕ e j) = (〈x ,y〉)⊕ (〈x ,(y + e j)〉) = 〈x ,e j〉= xj

Pry [f (y) 6= 〈x ,y〉]≤ ρ

f (y) je zle s pp. ρ,

f (y + e j) je zle s pp. ρ,

obe sú správne s pp. 1−2ρ ≥ 1/2
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Reed-Solomonov kód
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Reed-Solomon
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Reed-Solomon

Defińıcia (Reed-Solomonov kód)

Nech F = Fq je pole, d ≤ n ≤ q a nech a0, . . . ,an−1 ∈ F.
Správu c0 . . .cd−1 interpretujme ako koeficienty polynómomu

p(x) = ∑
i

cix
i .

Reed-Solomonov kód RS : Fd → Fn je zobrazenie

c0 . . .cd−1 7→ p(a0) . . .p(an−1).

vzdialenost’: 1−d/n

p(x) je polynóm stupňa d −1, čiže má ≤ d koreňov
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Reed-Solomon

Veta

Daný je zoznam dvoj́ıc (a1,b1), . . . ,(an,bn) z F2, pričom existuje
polynóm p : F→ F stupňa d, pre ktorý p(ai ) = bi pre
t > n/2 +d/2 dvoj́ıc. Existuje algoritmus, ktorý dokáže p
zrekonštruovat’ v polynomiálnom čase.
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Reed-Solomon

� Dôkaz.

p(ai ) = bi pre k = n− t = bn/2−d/2c bodov nie je splnená

majme polynóm e: p(ai ) 6= bi =⇒ e(ai ) = 0

e(ai )p(ai ) = e(ai )bi (∀i)!

hl’adáme poly p stupňa d + nenulový poly e stupňa ≤ k

súčin e ·p = q je poly stupňa k +d = bn/2 +d/2c
q(ai ) = e(ai )bi .

potom p = q/e
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q(ai ) = e(ai )bi .

potom p = q/e

46 / 83



Reed-Solomon

� Dôkaz.
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Reed-Solomon

nech ek = 1, neznáme koef. e0, . . . ,ek−1 a q0, . . . ,qk+d

q0+q1ai +q2a
2
i +· · ·+qk+da

k+d
i = e0bi +e1aibi +· · ·+ek−1a

k−1
i bi +aki bi ,

n lineárnych rovńıc o ≤ n neznámych

�
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Reed-Solomon

d ≤ n ≤ q, vzdialenost’ 1−d/n

vel’ká abeceda, vel’ký stupeň poly, nemá lokálny dekodér
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Reed-Mullerov kód
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Reed-Muller
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Reed-Muller

Reed-Mullerov kód s parametrami F, `,d , d < |F|, je
zovšeobecneńım RS kódu

namiesto polynómu A(x) jednej premennej uvažuje polynómy
` premenných

Defińıcia (Reed-Mullerov kód)

RM : F(m+d
d )→ Fqm , ktorá správu c interpretuje ako koeficienty

polynómu celkového stupňa d s m premennými nad Fq

p(x1, . . . ,xm) = ∑
i1+···+im≤d

ci1,...,imx
i1
1 x

i2
2 · · ·x imm

a na výstup dáme postupnost’ {p(x1, . . . ,xm)} pre všetky
x1, . . . ,xm ∈ F.
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Reed-Muller

pre m = 1 dostávame RS kód

pre d = 1 a F = {0,1} dostávame variant WH kódu, ktorý
zobraźı x 7→ z , kde zy ,a = 〈x ,y〉⊕a

vzdialenost’: 1−d/|F| (Schwartz-Zippelova lema)

lokálny dekodér opravujúci (1−d/q)/6 chýb v čase
poly(q,m,d) s pp. ≥ 2/3
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Reed-Muller
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Reed-Muller

predp. f je bĺızko poly p stupňa d (Prx [f (x) 6= p(x)] < ρ)

`a,b(t) = a+ tb

nech f |` : F→ F zúženie na f na `:

f |`(t) = f (`(t))

f |` – poly 1 premennej stupňa ≤ d (RS)
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f |`(t) = f (`(t))

f |` – poly 1 premennej stupňa ≤ d (RS)
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Reed-Muller

nech L = `x ,z je náhodná priamka idúca cez x

pozrieme všetky body f |L a dekódujeme RS r : F→ F
odpovieme r(0).

body `x ,z pre náhodné z sú distribuované rovnomerne po Fm

očak. #chýb na L, je ≤ ρ ·q
Pr[#chýb na L≥ 3×ρq]≤ 1/3 (Markov)

3×ρq < (1−d/q)q/2 = q/2−d/2 =⇒ RS vie r správne
dekódovat’: r = p|L a r(0) = p(x)
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odpovieme r(0).
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Pr[#chýb na L≥ 3×ρq]≤ 1/3 (Markov)

3×ρq < (1−d/q)q/2 = q/2−d/2 =⇒ RS vie r správne
dekódovat’: r = p|L a r(0) = p(x)
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očak. #chýb na L, je ≤ ρ ·q
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Samoopravné kódy

WH RS RM

d́lžka správy n d
(d+m

m

)
≥ (d/m)m ≥ N

d́lžka kódu 2n n qm = N5

vel’kost’ abecedy 2 q ≥ n q = polylog(N)
vzdialenost’ 1/2 1−d/n 1−d/q ≈ 1− ε

lok. opravuje 1/4 — 1/6−d/6q ≈ 1/6− ε
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Abeceda

problém: abeceda je F – nie binárna

v praxi: vezmime F = F256, t.j. 1 byte

pre n = 230, m = 256 dostávame RS kód opravujúci 13 chýb
(5% bytov / 0.6% bitov)

všeobecne: 1 prvok F −→ log |F| bitov

RS : {0,1}n log |F|→{0,1}m log |F|

problém: malá vzdialenost’: < 1/ log |F|
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všeobecne: 1 prvok F −→ log |F| bitov

RS : {0,1}n log |F|→{0,1}m log |F|
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Zložené kódy

použime WH kód s n = logF, t.j. WH : {0,1}logF→{0,1}F:

FnFm ∼ {0,1}m logF WH−−→ {0,1}mF
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Zložené kódy

E1 : {0,1}n E1−→ Σm

E2 : Σ
E2−→ {0,1}k

E2 ◦E1 : {0,1}n E1−→ Σm E2−→ {0,1}mk

E2 ◦E1 : x 7→ E2(y1) · · ·E2(ym), kde y = E1(x)

vzdialenost’: ≥ δ1 ·δ2
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Zložené kódy

RM : {0,1}k RM−−→ Fqm

q ∼ {0,1}logq·q
m

WH : {0,1}logq WH−−→ {0,1}q

WH◦RM : {0,1}k RM−−→ {0,1}logq·qm WH−−→ {0,1}qm+1
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Zložené kódy

Použijeme RM-kód s parametrami

q = log5N

m = logN/ log logN

d = log2N
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Samoopravné kódy

potrebujeme:

E : {0,1}N →{0,1}Nc
v čase poly(N)

lokálne dekódovanie v čase polylog(N) = poly(n)
opravovat’ 1/100 chýb
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Samoopravné kódy

WH má vzdialenost’ 1/2, lokálne vieme opravit’ 1/4 chýb

RM má vdialenost’ 1− log2N/ log5N = 1−1/n3, lokálne
vieme dekódovat’ ≈ 1/6 chýb

WH◦RM vie lokálne opravovat’ ≈ (1/4) · (1/6) = 1/24 > 4%
chýb

kódovanie v poly(N)

dekódovanie WH je v O(n) = O(logq) = O(log logN)

dekódovanie RM je v poly(q,m,d) = polylog(N).
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RM má vdialenost’ 1− log2N/ log5N = 1−1/n3, lokálne
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