Oda na abstrakciu

Kubo Kovaé

Klub Trojstenu, 8. 12. 2012
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Pytagorova veta



Pytagorova veta

b2

Figure: Pytagorova veta: Sacet obsahov Stvorcov nad odvesnami sa
rovna obsahu Stvorca nad preponou.
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Dokaz Pytagorovej vety

b a a b

Figure: Stvorec so stranou a+ b sa da rozlozit na ¢ +4 trojuholniky a
tiez na a® + b? +4 trojuholniky.
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Figure: Pappova veta: Obsah dvoch mensich rovnobeznikov sa rovna
obsahu rovnobeznika nad preponou.
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Hippokratove mesiaciky

7N

Figure: Hippokratove mesiacCiky: Obsah dvoch mesiacikov je rovny
obsahu trojuholnika.

6/83



Hippokratove mesiaciky

b
N

Figure: Hippokratove mesiaCiky a Pytagorova veta?
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kukova veta?

.

Figure: Obsah dvoch pracudesnych obsahov je rovny obsahu toho nad
preponou.
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Obsah v 2D

4a?

a 2a

Figure: Stvorec s 2-nasobnou stranou ma 4-nasobny obsah!
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Obsah v 2D

=
EEEED
s =

Figure: A podobne to plati aj pre iné Gtvary.
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kukova veta?

.

Figure: Obsah dvoch pracudesnych obsahov je rovny obsahu toho nad
preponou.
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Jednoduché algebra

a’+b*=c?

K- (> +b)=K-c?

K-a?+K-b>=K-c?

pre K#0
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Dokaz Pytagorovej vety

Figure: Obsah dvoch mensich trojuholnikov sa rovna obsahu trojuholnika
nad preponou.
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Dokaz Pytagorovej vety

Figure: Obsah dvoch mensich trojuholnikov sa rovna obsahu trojuholnika
nad preponou.
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Viacrozmerné priestory



Saradnice

A
Y
8

(=5, ~2]

\/

Figure: Descartesovi vdacime za dalSiu abstrakciu: saradnice.
Vzdialenost dvoch bodov?
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Vyuzitie Pytagorovej vety

A
A
8

......................

Vzdialenost medzi (x1,y1) a (x2,y2) je

d= \/(Xz —x1)?+(y2 —y1)?
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y

[Iz-yzyzz]
}l

[z1,91,21]

Vzdialenost medzi (x1,y1,21) a (x2,y2,22) je

d=1/0o—x)+(-nP+(2-a)
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Abstrakcia: n-rozmerny priestor

@ slradnice X = (x1,x2,...,Xn)

o vzdialenost medzi X = (x1,x2,...,%5) @ Y =(y1,¥2,---,¥n)

d= \/(X1*)/1)2+(X2*y2)2+-~+(xnfyn)2.
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Skalarny stcin

|A] cos@

Figure: Skalarny stcin vektorov A a B.
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Skalarny stcin

|A] cos@

Figure: Skalarny stcin vektorov A a B.

(A;B) = |A]-|B]|-cos(8)

(A, B) =ai1 b1 +arbhy
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Skalarny stcin

|A| cos@

Figure: Skalarny stcin vektorov A a B.

@ Vo vseobecnosti, skalarny sacin medzi X = (x1,x2,...,%,) a
Y = ()/1,)/2,- .- aYn) je
(X,Y)=|X][-]Y] cos(0)

(X,Y)=x1y1+x2y2+ -+ Xn¥n ZZXiYi-
i
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Skalarny stcin abstraktne

(x.y) = (y,x)
(ax,y) = a(x,y)

(x+y,z)=(x,2)+(y,2)
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Skalarny stcin abstraktne

fixy)="~(y,x)
f(ax,y) = af(x,y)

fix+y,2) =f(x,2) +1(y,2)

o Kazdi funkciu f spliajicu tieto podmienky volame skalarny
sacin.
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Skalarny stcin abstraktne

e Hodnota (x,x) je dlzka x na druhi, teda |x|2.
@ Ak (x,y) =0, hovorime, ze x a y s kolmé.

@ Vo vseobecnosti mézeme definovat uhol medzi x a y:
(x,y) = |x|-|y|-cos(6)

(x,y)
x| - Iyl

cos(0) =
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Zmena siradnicovej sistavy



Saradnicova slstava
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Saradnicova slstava

P e [2,3]
) ’f

Figure: Bod ma saradnice [2,3], t.j. dostaneme sa tam, ak spravime 2
kroky v smere x a 3 kroky v smere y.
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Ina stradnicova slstava

. [273]

[—1,1] Yy
‘\IK [1.5,0.5]

X

Figure: Aké saradnice ma bod [2,3] v novej saradnicovej sastave?
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Ina stradnicova slstava

¥

ERR L
&V'[Ifé,oﬂ

Figure: Do bodu [2,3] sa dostaneme, ak spravime k krokov v smere
[1.5,0.5] a ¢ krokov v smere [—1,1].
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Ina stradnicova slstava
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Ina stradnicova slstava

1.5 1 2
(03) ++ ()= (5)
2.k=5 k=25

15.25—¢=2 (=175
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Ina stradnicova slstava

¥

ERR L
&V'[Ifé,oﬂ

Figure: Do bodu [2,3] sa dostaneme, ak spravime 2.5 kroku v smere
[1.5,0.5] a 1.75 kroku v smere [—1,1].
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Este ina sradnicova sdstava

. [2,3]

Figure: Aké saradnice ma bod [2,3] v tejto sGradnicovej ststave?
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Este ina sradnicova sdstava

Figure: Staci spocitat skalarny sacin!
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Fourierove rady



Fourierov rad

f(x)=ao+ il[a,, cos(nx) + bpsin(nx)]
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Fourierov rad

f(x)=x —T<x<T

_1n+1

f(x)=0+ i[O-cos(nx)+2' sin(nx)]

n=1
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Fourierov rad

ap= l/n f(x)cos(nx)dx

1 /7 )
b, = ;/_”f(x)sm(nx)dx
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Fourierov rad abstraktne

e chceme funkciu zapisat pomocou nasobkov 1/2, cosx, sinx,
cos2x, sin2x, ..., cosnx, sinnx, ...
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Fourierov rad abstraktne

e chceme funkciu zapisat pomocou nasobkov 1/2, cosx, sinx,
cos2x, sin2x, ..., cosnx, sinnx, ...

@ chceme zistit siiradnice funkcie f v siiradnicovej sistave s
bazou 1/2, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx, ...
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Fourierov rad abstraktne

e chceme funkciu zapisat pomocou nasobkov 1/2, cosx, sinx,
cos2x, sin2x, ..., cosnx, sinnx, ...

@ chceme zistit siiradnice funkcie f v siiradnicovej sistave s
bazou 1/2, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx, ...
@ Definujme si skalarny si€in na priestore funkcii:

1

(f.g)=7 | fx)elx)ox

o Aka je velkost jednotlivych bazovych vektorov? Aké st medzi
nimi uhly?
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JPEG a zmena siradnicove;j
sustavy



Figure: Sprava dolava rézne stupne kompresie,
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Ako funguje JPEG?

52 55 61 66 70 61 64 73
63 59 55 90 109 85 69 72
62 59 68 113 144 104 66 73
63 58 71 122 154 106 70 69
67 61 68 104 126 88 68 70
79 65 60 T0 77 68 58 75
86 71 64 59 55 61 65 83
87 79 69 68 65 76 T8 94

Figure: Obrazok sa naseka na bloky 8 x 8. Kazdy blok je vektor v
64-rozmernom priestore! Kazda stradnica hovori o stupni Sedosti daného
pixelu (0-255).
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Standardné stiradnicova sastava

w w w w w w [  =m
m u u u u u u n
m u u u u u u n
m u u u u u u n
m u u u u u u n
m u u u u u u n
m u u u u u u n

n n n n n n ]

Figure: Standardna stradnicova ststava.
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Standardné stiradnicova sastava

(52 55 61 66 70 61 64 73°
63 59 55 90 109 85 69 72
62 59 68 113 144 104 66 73
63 58 71 122 154 106 70 69
67 61 68 104 126 88 68 70
79 65 60 70 77 68 58 75
85 71 64 59 55 61 65 83
|87 79 69 68 65 76 78 94 |

I T

N O

N G T

A | R

A | Y

AR Y

N Y O

O
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uzivana, v JREGu.



Ako funguje JPEG?

92 55 61 66 70 61 64 73
63 59 55 90 109 85 69 72
62 59 68 113 144 104 66 73
63 58 T1 122 154 106 70 69
67 61 68 104 126 88 68 70
79 65 60 70 77 68 588 75
85 71 64 59 55 61 65 83
87 79 69 68 65 76 T8 94

Figure: Pbvodny obrazok.
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Ako funguje JPEG?

—76
—65
—66
—65
—61
—49
—43
—41

T

—_—
73 —67 —-62 —58 —67 —64 —55
—69 -73 -38 -—-19 —-43 -39 -56
—69 —-60 -15 16 —-24 —-62 -55
70 =57 -6 26 -—-22 —58 -39
—67 —-60 -24 -2 —-40 —-60 -—58
—63 —-68 —-58 -—-51 —-60 —-70 —-53
—57 —64 —-69 -—-73 —67 —63 —-45

—49 -59 —-60 -63 -—-52 —-50 -—-34

Figure: Hodnoty posunieme o 128.
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Ako funguje JPEG?

[ —415.38
447
—46.83
—48.53
12.12
—7.73
—1.03
—0.17

—30.19
—21.86
737
12.07
—6.55
291
0.18
0.14

—61.20
—60.76
77.13
34.10
—13.20
2.38
0.42
-1.07

u

‘}
27.24
10.25
—24.56
—14.76
—3.95
—5.94
—2.42
—4.19

56.13
13.15
—28.91
—10.24
—1.88
—2.38
—0.88
-1.17

—20.10
—7.09
9.93
6.30
1.75
0.94
-3.02
—0.10

—2.39
—8.54
5.42
1.83
—2.79
4.30
4.12
0.50

0.46 7

4.88
—5.65
1.95
3.14
1.85
—0.66

1.68 |

Figure: Prevedieme do novej saradnicovej ststavy (tzv. diskrétne
kosinusova transformacia).
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Ako funguje JPEG?

16 11 10 16 24 40 51 617
12 12 14 19 26 58 60 55
14 13 16 24 40 57 69 56
14 17 22 29 51 87 80 62
Q= 18 22 37 56 68 109 103 77
24 35 55 64 81 104 113 92
49 64 78 87 103 121 120 101
72 92 95 98 112 100 103 99 |

Figure: Kvantizacna matica.
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Ako funguje JPEG?

[—26 -3 6 2 2 -1 00
0-2 4 1 1 000

3 1 5 -1 -1 000
.| 3 1t 2-1 0 000
- 1 0 0 0 0 000
0 0 0 0 0 000

0 0 0 0 0 000

. 0 0 0 0 0 00 0]

Figure: Vsetky hodnoty vydelime vhodnymi konstantami (podla stupha
kompresie) a zaokrahlime (toto je jediné miesto, kde dochadza k strate
informacie). Vysledny vektor sa uz [ahko komprimuje.
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Ako funguje JPEG?

[ —416 —33 —60 32 48 —40

00

0 -24 -56 19 26 000
—42 13 80 -24 -—-40 000
—42 17 44 -29 0 000
18 0 0 0 0 000

0 0 0 0 0 000

0 0 0 0 0 000

0 0 0 0 0 000

Figure: Pri dekédovani postupujeme obratene: hodnoty najskor
vynasobime.
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Ako funguje JPEG?

—66 —63 —-71 —68 —56 —65 —68 —46
71 =73 -T2 —46 -20 —41 —-66 -—57
-70 -78 —-68 —-17 20 —-14 —-61 —-63
—63 -73 —-62 -8 27 —-14 —60 -—58
—-58 —-65 —-61 -27 —6 —40 —68 —50
—57 —d7 —64 —58 —48 —66 —72 —47
-53 —-46 —-61 -74 —-65 —-63 —61 —45
| —47 -34 53 -T4 —-60 —47 -—47 -41

Figure: Inverznad DCT.
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Ako funguje JPEG?

62 65 57 60 72 63 60 82
a7 55 56 82 108 87 62 T1
98 50 60 111 148 114 67 64
65 55 66 120 155 114 68 70
70 63 67 101 122 88 60 78
71 71 64 70 80 62 56 81
75 82 67 54 63 65 66 83
81 95 75 54 68 81 81 87

Figure: Dekédovany obrazok.
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Porovnanie

Figure: Porovnanie kédovaného a dekédovaného obrazku.
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Cinska zvyskova veta

a interpolacia polynémom



Pocitame vojakov

Figure: Kolko je na obrazku vojakov?
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Pocitame vojakov
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Figure: Ak sa zoradia do 3-jic, 2-aja.ostan(.
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Pocitame vojakov

T
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T “
T,
T |
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i111111)
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Figure: Ak sa zoradia do 7-mic, 3-aja ostand.
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Pocitame vojakov

I1TEILLERL
ILIEILLELL

TTTTTTITY ALLIEITLERL

ALLIEILLERL -
L1IELRL

Chbbbbbbbi ALLIELLERL
i N
TV LLLELLERL
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Figure: Ak sa zoradia do 11-tic, 1 ostane.



RieSime

x = 2 (mod3)
5 (mod 7)
1 (mod 11)
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RieSime

x = 2 (mod3) x = 3p+2
5 (mod 7)
1 (mod 11)
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RieSime

x = 2 (mod 3) x = 3p+2
3 (mod 7)
= 1 (mod 11)

3p+2 = 3 (mod7)
3p 1 (mod 7)
? (mod 7)

©
|
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p |0]1]2]3 5|6
3pmod7 [0 ]3]6]2 1]4
3p 1 (mod 7)
p 5 (mod 7)
p 79+5
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RieSime

x = 2 (mod 3)
3 (mod 7) x = 3(7g+5)+2=21q+17
1 (mod 11)
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RieSime

= 2 (mod 3)
= 3 (mod7) x = 3(Tq+5)+2=21q+17
x = 1 (mod11)
21g+17 = 1 (mod 11)
10g+6 = 1 (mod 11)
10g = —-5=6 (mod 11)

g = 7?7 (mod11)
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RieSime

2
= 3 (mod7) x = 3(Tq+5)+2=21q+17
1

10g = 6 (mod 11)
= 5 (mod 11)
= 1lir+5
= 21(11r+5) 417 = 231r+122
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Pocitame vojakov

Figure: Vojakov je 122.
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Cinska zvyskova veta

Nech my,my,...,my st navzdjom nesidelite/né, potom sistava
x = a1 (mod m)
x = ap (mod mp)
x = ax (mod my)

ma riesenie, ktoré je jedinecné modulo my X mp X -+ X my.
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Interpolacia polynémom

Y

Figure: Je danych k bodov. ..
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Interpolacia polynémom

A
Y

_2\/ 1 3

\

Figure: N4jdite polyném (stupna k —1), ktory prechadza cez dané body.
73/83



Interpolacia polynémom

- (+1)(z—1)(x—3)

Figure:
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Interpolacia polynémom

co-(x—1)(x+2)(x—3)

Y

Figure:
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Interpolacia polynémom

\

3 (z+2)(x +1)(z - 3)

Y

Figure:
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Interpolacia polynémom

i (z4+2)(z+1D)(z—1)

Y

Figure:

77/83



Interpolacia polynémom

A
Y

_2\/ 1 3

\

Figure:
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Co ma spolocné CZV a interpolacia polynémom?

Nech f(X) je polyném. Potom zvysok po deleni (X — a) je f(a).

Stupen zvySku musi byt mensi ako stupen delitela = R je
konstanta (Cislo). Dosadme X = a:

f(a)=q(a)-(1-2)+R=R
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Co ma spolocné CZV a interpolacia polynémom?

Hl'adanie polynému f prechadzajiceho bodmi
[x1,y1], [x2,¥2]s -, [Xk, yk] je ekvivalentné rieSeniu sastavy

f(X) = y1 (mod (X—x1))
Y2 (mod (X—Xz))

~~

—
>

~—
Il

f(X) = yk (mod (X —xk))
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o niekedy dokaze abstrakcia veci zjednodusit

o ukazali sme jednoduchy dékaz Pytagorovej vety a jednym
vrzom sme dokazali aj Pappovu a Hippokratovu vetu
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o niekedy dokaze abstrakcia veci zjednodusit

o ukazali sme jednoduchy dékaz Pytagorovej vety a jednym
vrzom sme dokazali aj Pappovu a Hippokratovu vetu

o vieobecnejsie vysledky maju Sirsie uplatnenie

e na texty, obrazky aj funkcie sa da pozerat ako na vektory
e obcas je vhodné zmenit stradnicov( sastavu (Fourierove rady,
JPEG, MP3, rychle nasobenie)
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o niekedy dokaze abstrakcia veci zjednodusit

o ukazali sme jednoduchy dékaz Pytagorovej vety a jednym
vrzom sme dokazali aj Pappovu a Hippokratovu vetu

o vieobecnejsie vysledky maju Sirsie uplatnenie

e na texty, obrazky aj funkcie sa da pozerat ako na vektory
e obcas je vhodné zmenit stradnicov( sastavu (Fourierove rady,
JPEG, MP3, rychle nasobenie)

@ abstrakcia ndm pomaha najst sivislosti aj tam, kde by sme ich
necCakali

o Cinska zvyskova veta a interpolacia?
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